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Abstract

1.1 Partial Differential Equations (PDEs)

Mathematical models containing partial differential
equations (PDEs) occur in many engineering applications. Modelica is a general, high-level language for
object-oriented modeling with differential-algebraic
equations (DAEs). There is a need for extending Modelica to also support modeling with PDEs. This paper
presents some ideas on such extensions to the Modelica language, that would allow formulation of PDE
problems defined on general domains using objects.

An initial and boundary value problem consists of a
partial differential equation and a set of initial and
boundary conditions. A simple two-dimensional example using the wave equation is

1

Introduction

Modelica [4, 5, 3, 1] is a general, high-level language for object-oriented modeling with differentialalgebraic equations (DAEs). The aim of the Modelica
language is to represent models in a general, domainindependent way. Using object-oriented constructs,
Modelica supports reuse of existing models and model
libraries. By introducing support for PDEs in Modelica, these features will be useful also for modeling and
simulation of PDE-based models.
There are several low-level PDE solving packages
in which the problem is specified as program code
written in a programming language (e.g. Diffpack,
Overture), as well as high-level packages where special purpose languages are used for formulation of the
problem (e.g., gPROMS [10], ELLPACK [12], PDEQSOL [6]), and interactive tools such as FEMLAB.
This section gives a brief introduction to PDEs and
numerical solution methods, and mentions other existing packages with built-in high-level PDE language
support. The MathModelica environment that is used
for implementation is also introduced in this section.
Section 2 contains a discussion of proposed extensions
to Modelica. In Section 3, current status of our work
is given, and in Section 4 future plans are presented.
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where Ω is the domain, with the boundary condition
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where ∂Ω is the boundary of the domain, and the initial
condition
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The first derivative with respect to the variable x is
compactly written as ∂xU, and the second derivative
as ∂xxU, or even shorter as Ux and Uxx .

1.2 Numerical Solution of PDEs
With existing theory, only a small number of PDEs
can be solved analytically, and even smaller number
of these is solvable with useful boundary conditions.
Therefore, many methods have been developed for solution of numerical approximations of PDEs.
1.2.1 Finite Difference Methods
In order to find the unknown function U satisfying the
PDE, the domain is discretized using a grid of points,
searching the value of U at each grid point. In a twodimensional domain with NxN grid points, the value
of U at each point is
ui  j
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Using Taylor’s theorem, derivatives can be approximated by difference quotients. The first derivative of

U with respect to x is then, using a central-difference
formula,
ui  1  j ui  1  j
∂xU 
2∆x
Other approximations can be obtained with the
forward-difference formula
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and the backward-difference formula
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An explicit solver iterates over the points, calculating ui  j at each point using previously calculated values. An implicit solver, when iterating over the points,
needs to solve a system of equations for a set of points
in each iteration, in order to calculate the values of
u. Iterating solvers have different convergence properties, depending on the specific PDE and the selected
difference method.

1.2.3 Method of Lines
Time dependent PDEs can be discretized with respect
to the space variables, generating a set of ODEs, which
can be solved using ODE solvers. This method is
called the method of lines. The advantage of this
method is that there exists advanced algorithms for
fast and accurate solution of ODEs, e.g. with automatic step adjustment to match a requested error tolerance. However, a drawback is that these solvers do
not have control over the error introduced by the initial
discretization that generates the ODEs, which can be
much bigger than the error of the solution of ODEs.

1.3 Related Work
An early effort to define a language for partial differential equations was PDEL [2] in 1970. Since then, a
number of approaches have been investigated to create high-level language based environments to simplify specification and solution of PDE-based problems. In this section, we summarize some of these
environments.

1.2.2 Finite Element Methods
1.3.1 ELLPACK
One way of solving a PDE numerically is to approximate the unknown U with a sum of basis functions, ELLPACK [12] is a package for solving elliptic partial
for example piece-wise polynomial functions, with un- differential equations. It defines a high-level language
for specification of a PDE, a boundary, a grid and a
known factors:
discretization method as well as a solution method. In
N


this
language, there are predefined names for the soluÛ x 
∑ ak φ x
tion variable and its derivatives, such as U, UX (∂xU),
k 0
UYY (∂yyU) and the spatial variables X, Y and Z. These
A system of equations is then set up with the factors are used to specify the PDE:
ak as unknowns. Solving this system gives the approximate solution Û. The family of methods based EQUATION. UXX + UYY + 3.0*UX - 4.0*U = &
EXP(X+Y)*SIN(PI*X)
on this method is called weighted residual methods,
and different choices of weighting functions gives difHere ’&’ is used as a line continuation marker for
ferent methods, such as the collocation method, the
long entries. The boundary conditions can be specified
least-squares method and the Galerkin method.
in
different ways, using lines and parametric curves. A
Instead of finding a global solution, the domain can
be divided into smaller domains, called elements, with circular domain is specified as:
additional conditions on the new boundaries, which
BOUNDARY. U=0.0 ON X= 1.-COS(PI*THETA), &
can be solved separately using the same methods as
Y= 1.-SIN(PI*THETA) &
in the global case. This method is called the finite eleFOR THETA = 0. TO 2.
ment method. Subdivision of the domain can be done
in different ways, e.g. by triangulating the domain.
This boundary specifies the condition that the funcSizes of the elements can also be adjusted according tion is  zero on the circle with the radius 1 and the
to expected variations of U in different parts of the do- center 1  1  . The BOUNDARY statement also defines
main, creating smaller elements where fast variations the domain of the problem. The EQUATION and
are expected. Thus, few polynomials with low order BOUNDARY parts of an ELLPACK program is declarare often sufficient to approximate U over each ele- ative, whereas the rest (GRID, DISCRETIZATION
ment.
etc.), are executed in a sequential order.

Furthermore, the PELLPACK [7] (Parallel ELLPACK) problem solving environment has been developed, also based on ELLPACK, supporting domaindecomposition based parallel solvers and finite element methods. It includes several PDE solving systems, some of those with several specific solving methods. It also covers parabolic problems besides elliptic ones, and some hyperbolic problems. As a problem solving environment (PSE), it also has support
for graphical user interfaces, visualization and analytic
tools.
1.3.2 PDESpec
S. Weerawarana [14] presents a high-level language
PDESpec where the PDE problem is specified using
objects. Different types of objects are equation, domain, boundary and initial conditions, mesh, decomposition, algorithm, solve and solution. For example, an equation object describing the steady-state heat
flow is defined as:
equation (
name = "steady-state heat flow",
domain = "dome",
expressions = [ Dx( k(x,y)*Tx ) +
Dy( k(x,y)*Ty ) = 0 ],
properties = [ [self-adjoint],
[steady-state] ]
);

1.3.3 gPROMS
The gPROMS environment is used for dynamic simulation of chemical processes, and a modeling language
was designed and implemented by M .Oh [10] in the
gPROMS environment. The language supports modeling and simulation of mixed systems of integral, partial and ordinary differential, and algebraic equations
(IPDAEs) over rectangular domains. In gPROMS, a
domain can be declared as:
MODEL TubularReactor
PARAMETER
NbrComp
...
ReactorLen
ReactorRad

AS INTEGER
AS REAL
AS REAL

DISTRIBUTION_DOMAIN
Axial
AS ( 0 : ReactorLen )
Radial
AS ( 0 : ReactorRad )

where Axial and Radial are the independent variables. A dependent variable that is to be solved over
this domain is declared as
VARIABLE
Temp AS DISTRIBUTION (Axial, Radial)
OF Temperature

Here, Temp is the dependent variable of type Temperature (defined elsewhere), and it’s domain is the
three-dimensional area defined by the independent
variables Axial and Radial. This declaration is simiHere T x represents ∂x T and Dx(A)
 is an alias for lar to declaration of arrays in the gPROMS language,
diff(A, x) which represents ∂x A  . Aliases, the
which is done as:
dimension of the problem and names of the independent variables are defined as defaults for equation ob- F AS ARRAY ( NbrComp ) OF Flowrate
jects. The domain ”dome” is defined as a separate object, as well as the boundary conditions and their equaFor-loops are used for specification of a domain for
tions. The domain object is specified as:
a specific expression or equation:
domain (
name = "dome",
type = piecewise_parametric,
boundary = [
orientation = clockwise,
parametric (x=3, y=.7-t, t, 0, .7),
...
]
);

FOR z:= 0 TO ReactorLen DO
-Kr*PARTIAL(Temp(z,ReactorRad),Radial)=
Uh*(Temp(z,ReactorRad)-TWall(z));
END

Here, a boundary condition is defined for the wall
of the tubular reactor, which has an axial distribution but not radial. The partial differentiation can
also be seen here, which is done with the operator
PARTIAL(expr, var), that represents the partial
Besides PDESpec, a problem solving environment derivative of the expression
 expr with respect to the
with an extensible architecture for different solvers variable var (i.e. ∂r Temp z  R  ). The PARTIAL operand an intelligent PDE solver selection based on ex- ator supports differentiation of entire expressions, not
only single variables.
pert system methodology is presented.

1.4

MathModelica

MathModelica [9, 8] is a Mathematica-based tool for
Modelica-based modeling and simulation. The models
are defined interactively in Mathematica notebooks,
using the Modelica language, either using standard
Modelica syntax or using an expression-based syntax
similar to Mathematica. Mathematical symbols and
expressions can be used in these models, making models easier to read. Figure 1 shows the MathModelica input for a pendulum model. Graphical design of
Modelica models based on Modelica library components is also possible in MathModelica.
Model [ Pendulum,
Parameter Real m  1, g  9 82, r  12 ;
Real φ [  Start  0  ], vt [  Start  0  ], at , Ft ;
Equation [
mgSin  φ ;
Ft 

Ft
mat ;
vt  rφ ;
at  vt ;
];
]

2.1 Spatial Variables
Variables in Modelica are functions of time, if they
are not declared as constants or parameters. In order to introduce spatial variables without changing the
language too much, we can introduce a type modifier
space to be used in declarations of spatial variables.
An example can look like this:
space Real x, y, z;

2.2 Domain Classes
Domain classes are needed to specify the domain
where a function is defined or where an equation holds.
A variable can be assigned a domain when it is declared, which will then also have its spatial dependencies defined. Several approaches can be taken to design domain classes.
2.2.1 Single Domain Classes

Each domain can be defined using a single domain
class. Two new keywords can be introduced, domain
and
subdomain, which are language extensions,
Figure 1: MathModelica input for a pendulum
designating
a new kind of restricted class and a new
model.  is the equality operator and  is the
operator for first derivative of a function of one kind of section within such
 classes. For example, a
x  0  2  y  0  4 can be
rectangular
domain
class
variable in Mathematica.
defined as:
The main advantage of using Mathematica as the
domain Rectangular
implementation platform together with MathModelica
space Real x(min=0, max=2);
is that it is very easy to add extensions to the Mathspace Real y(min=0, max=4);
Modelica language (i.e. Modelica with MathModelica
end Rectangular;
syntax) without modifying the parser which builds the
internal syntax tree. The extensions are preserved durThe attributes min and max belong to the built-in
ing this translation, and additional processing can be
type
Real. Lower dimensional sub-domains can be
made after the MathModelica parser, in order to handefined
in such a domain object by adding a section
dle the extensions appropriately. This is convenient
when experimenting with new language features like subdomain with an equation or a boolean expression
the PDE extensions. The transformational program- that restricts the domain. For example:
ming language that is available in Mathematica is also
domain Rectangular
convenient for handling translation of data structures
space Real x(min=0, max=2);
between different formats.
space Real y(min=0, max=4);

2 Modelica Extensions

subdomain leftright
x=x.min or x=x.max
subdomain updown
y=y.min or y=y.max
end Rectangular;

In order to introduce PDE support in Modelica, several
issues need to be solved, such as handling spatial variComplex domains can also be defined using expresables, domains, and initial and boundary conditions.
This chapter presents some ideas regarding these is- sions as min and max values of the domain variables.
For example:
sues.

In that case, some restrictions on the referred domains might be required, i.e. that a domain must be a
closed curve or a closed polygon in order to be used
with these operators.
The domains can also be built using inheritance and
composite classes. A complete example might appear
as follows:

domain Circular
parameter Real r;
space Real x(min=-r, max=r);
space Real y(min=-sqrt(r-xˆ2),
max=sqrt(r-xˆ2));
subdomain edge
xˆ2+yˆ2 == rˆ2;
end Circular;

This approach is used in the prototype described in
Section 3.

domain Cartesian2D
outer space Real x,y;
end Cartesian2D;

2.2.2 Composite
Classes

record Point2D
Real x,y;
end Point2D;

and

Hierarchical

Domain

For domains with more complex shapes like circle or
polygon, the shape can be defined separately and specified as a boundary for the domain. An example of
such a shape is:
domain Circle
parameter Real radius;
outer space Real x, y;
constraint
xˆ2 + yˆ2 == radiusˆ2;
end Circle;



which declares a circle with the center 0  0  and radius 1. The keyword constraint is a language extension and specifies the expressions that must be true
for the spatial variables to be inside this domain. The
reason the existing equation keyword is not used is
that it should be possible to give boolean expressions
as constraints.
Using the shape Circle above, a circular domain
with a hole can be defined as:
domain Ring
inner space Real x, y;
Circle edge1(radius=1);
Circle edge2(radius=3);
constraint
xˆ2 + yˆ2 <= edge2.radiusˆ2;
xˆ2 + yˆ2 >= edge1.radiusˆ2;
end Ring;

Several constraints separated by ’;’ are equivalent
to the same constraints combined by the and operator. In the future, built-in operators inside() and
outside() might be introduced, in order to specify a relationship between the spatial variables and
other domains. In this example, the constraints could
be specified using these operators together with the
boolean operator and:
inside(edge2) and outside(edge1);

domain Circle2D
extends Cartesian2D;
parameter Point2D center(x=0, y=0);
parameter Real radius=1;
constraint
(x-center.x)ˆ2 +
(y-center.y)ˆ2 == radiusˆ2;
end Circle2D;
domain Ring;
inner space Real x, y;
Circle2D c1(center(x=0,y=0),
radius=1);
Circle2D c2(center(x=0,y=0),
radius=2);
constraint
(x-c2.center.x)ˆ2 +
(y-c2.center.y)ˆ2 <= c2.radiusˆ2;
(x-c1.center.x)ˆ2 +
(y-c1.center.y)ˆ2 >= c1.radiusˆ2;
end Ring;

With the inside() and outside() operators,
the constraints for the Ring domain would be
constraint
inside(c2) and outside(c1);

2.3 Component Declarations
Once domains are defined, variables that depend on
spatial variables, called distributed variables, can be
declared and assigned a domain object. A model with
a variable U defined over the ring-shaped domain (see
Section 2.2) can be specified as:
model PDETest
Ring ringdom;
Real U(domain=ringdom);
...
end Test;

The attribute domain is an addition to the existing type Real in Modelica1 , not to be confused with
the previously introduced use of the keyword domain
as a restricted class. Modification of the domain attribute of the type Real declares the definition domain of U. This modification is also an implicit way
of declaring U to be a spatially dependent variable, besides being time-dependent. Alternatively, declaring a
variable to be spatially dependent can be done explicitly using a new keyword, for example the keyword
field, or the keyword dependent:
depdendent Real U(domain=ringdom);

2.4

Domain Specification for Equations

pder(U,dom.x,2) =
sin(dom.x)+cos(dom.y);

This could also co-exist with the other alternatives.

2.5 Initial and Boundary Conditions
Initial values for variables in Modelica are given using the start attribute of the built-in types. Similarly, initial conditions for a PDE problem can be given
as modification of the start attribute of distributed
variables. The example from Section 2.3 with initial
conditions added looks like:
parameter Real f(domain=ringdom);
Real U(domain=ringdom, start=f);

When specifying an equation, i.e. the PDE or one of
Here, a parameter f is declared, which can be given
the boundary conditions, the domain over which the
equation is valid needs to be specified. One way to as argument to the simulator, or defined in the model
do this is to use for-loops. With a syntax similar to as:
Modelica, this can be done as:
parameter Real f(domain=ringdom) =
equation
for (x,y) in ringdom loop
pder(U,x,2) = sin(x)+cos(y);
end for;

sin(x) + cos(y), (x,y) in ringdom;

The expression in the right-hand side can be given
as a value to the start attribute of U directly, as well.
Boundary conditions can be specified using the
specific sub-domains of a domain in the equations
defining the boundary conditions. A new keyword
boundary is used to separate model equations from
boundary conditions, e.g.:

Here, a new built-in operator pder(U,x,i) is
also introduced, which represents the i:th derivative of
U with respect to x. Instead of using the component
ringdom directly, one could refer to the domain of U
using dot notation, e.g. U.domain.
boundary
The difference between for-loops in Modelica and
for (x,y) in ringdom.c1 loop
the for-loop in the example above is the usage of mulU(x,y) = -5;
tiple variables as loop indexes and a domain object as
end
for;
2
a range . The scope of the variables x and y is local for
the loop, and they are aliases for the spatial variables in
This defines the value of U on the inner circle of the
the domain, with x corresponding to the first declared
ring domain, declared as c1 in Ring.
space variable in the domain and y corresponding to
the second.
An alternative syntax for domain specification is
3 Current Work
pder(U,x,2) =
sin(x) + cos(y), (x,y) in dom;

which is closer to mathematical notation. Both alternatives can be supported as well, with one being
syntactic sugar for the other.
Another, somewhat less convenient alternative is to
use the spatial variables in a domain object directly,
using the member notation:
1 The regular type Real can have a built-in one-dimensional domain  min  max as default, to be consistent with current Modelica.
2 Ranges in Modelica are written as, for example, 1:10 or 1:2:10
which mean 1,2,3,... or 1,3,5,... , respectively.

A prototype translator has been implemented in Mathematica, using the MathModelica environment (see
Section 1.4). This translator supports the kind of
domain classes described in Section 2.2.1, except
that only single equations are recognized in the subdomains and not boolean expressions. An example
defining a circular domain can be seen in Figure 2.
Domain references in equations are done by directly
putting the domain object as an argument to the dependent variable. Thus, all dependent variables have
two arguments, the domain object which implicitly
defines all spatial arguments, and the time variable.

Domain [ Circular,
Parameter Real r  1;
Space Real x[  min   r2 y2 
max   r2 y2  ];
Space Real y[  min 
r max  r  ];
Subdomain [ le f tborder,
Equation [ x  x min ];
];
Subdomain [ rightborder,
Equation [ x  x max ];
];
]

3.1 Example
As an example, we can define an initial value problem
with a two-dimensional wave equation using a circular
domain. The equation looks like
∂xx u

∂tt u



∂yy u 
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Figure 2: A domain declaration in the prototype

where cone x  y r  is defined as
translator, defining a circular domain
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For example:
First, we define a domain object representing a
general circular domain class:
Equation [
∂t U  circdom  time
];

∂xxU  circdom  time



0;

Boundary and initial conditions are put into a
section called Boundary[] as normal equations.
In boundary condition equations, a sub-domain of a
domain is referred with dot notation and used as the
first argument. In initial conditions, the time argument
is set to a constant. For example:
Boundary [
∂t U  circdom le f tborder time  0;
U  circdom le f tborder time  2;

U  circdom  0  Sin  circdom x Cos  circdom y ;
];

Domain [ Circle
Parameter Real xc  0;
Parameter Real yc  0;
Parameter Real r  1;

Space Real x[  min  xc  r2 y yc  2 


max  xc  r2 y yc  2  ];

Space Real y[  min  yc r max  yc r  ];
Subdomain [ le f tborder,
Equation [ x  x min ];
];
Subdomain [ rightborder,
Equation [ x  x max ];
];
];

The default
 values specify a circular domain with
the center 0  0  and the radius 1 when the domain is
The translator uses MathModelica for parsing the instantiated. Then we can specify the main model:
input, and modifies the result for the additions that are
done to the syntax for PDE support. Then, the PDE, PDEModel [ TestModel
boundary and initial conditions, and the geometry of
Parameter Real xc  0;
the model are extracted and converted to an input forParameter Real yc  0;
mat that is used by the solver, a PDE solver [13] imParameter Real r  1;
plemented in Mathematica. This solver uses the finite
Parameter Real delta  0;
difference method to generate special C++ code for the
Circle dom[  xc  xc  yc  yc  r  r  ];
given problem and the selected differentiation methods.
Dependent Real u;

Boundary [
u[dom  0]  uinit[dom x  dom y];
∂t u[dom  0]  0;
u[dom le f tborder time]  delta;
∂x u[dom le f tborder time]  0;
∂y u[dom le f tborder time]  0;
u[dom rightborder time]  delta;
∂x u[dom rightborder time]  0;
∂y u[dom rightborder time]  0;
];

erateSolvePDEInput[], which takes as argument the
name of the model and some parameters needed by the
solver, such as the differentiation methods, start and
end values for the time variable and the spatial variables, and size of the result array. In this example,
we

1  1 , y 
1  1  , t  0  0 25  ,
use the intervals x 
a 100x100 grid and 200 time steps. Figure 4 shows the
result at t 0 0625, 0 125 and 0 1875.

4 Conclusion and Future Work

Equation [
∂tt u[dom  time] 

∂xx u[dom  time] ∂yy u[dom  time];
];
];

The purpose of this paper is to consider some initial
extensions to the Modelica language that are needed in
order to allow modeling with partial differential equations. The focus is the definition of the domain objects
and how they are used together with equations and initial and boundary conditions.

The keyword PDEModel is used by the translator
Future work involves further implementation of the
to recognize PDE models. The start values of the
extensions
discussed in Section 2. Also, an extended
dependent variable u are given as a function uinit[x,y]
syntax
for
domains
will be designed, to allow parametdefined in the Mathematica environment as:
ric specification of boundaries. Another extension that
can
be needed is modification of the function type
uinit[x  y ] 9MyCone[x  y 0 4]Sin[πx]Cos[πy];
in Modelica for spatially distributed variables.



MyCone generates a cone with the center 0  0  and
a given radius, and is used to limit the Sin and Cos
functions to a small area of the domain. A plot of the
initial values with radius set to 0 4 can be seen in Figure 3).
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Figure 3: Initial value function uinit with radius
0 4 for the PDE used in TestModel.

A powerful feature of Modelica is the connect()
statement, that allows building models using smaller
submodels. Extension of this feature for PDE models
needs to be considered, as well. Possible approaches
are using solvers that support domain-decomposition
techniques, or if different PDE models need to be
connected, techniques like the interface relaxation
method [11].
For solving the PDE problems, specification of
grids, triangulations or triangulation algorithms to be
used with finite element methods and solution method
selection (e.g. selection of finite difference methods
for the solver mentioned in Section 3) needs to be included in Modelica, or defined in a separate support
language.
Furthermore, automatic solver selection can be considered, for example by using pattern matching on
equations and selecting a solver or method from a
database. An architecture with several solvers and the
possibility to add new solvers would make a useful environment.

Another problem is adapting the PDE solvers and
existing DAE solvers that are used for the existing
Then, the input to the PDE solver mentioned in ODE-based models, or finding other ways to support
Section 3 can be generated using the function Gen- solution of existing models together with PDE models.

5 Acknowledgments
This work has been supported by the ECSEL graduate school at Linköping University, supported by the
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