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Abstract

Mathematicalmodels containing partial differential
equations(PDEs)occurin many engineeringapplica-
tions. Modelicais a general,high-level languagefor
object-orientedmodeling with differential-algebraic
equations(DAEs). Thereis aneedfor extendingMod-
elicato alsosupportmodelingwith PDEs.This paper
presentssomeideason suchextensionsto the Mod-
elica language,that would allow formulationof PDE
problemsdefinedongeneraldomainsusingobjects.

1 Intr oduction

Modelica [4, 5, 3, 1] is a general,high-level lan-
guagefor object-orientedmodelingwith differential-
algebraicequations(DAEs). Theaim of theModelica
languageis to representmodelsin a general,domain-
independentway. Using object-orientedconstructs,
Modelicasupportsreuseof existingmodelsandmodel
libraries. By introducingsupportfor PDEsin Model-
ica,thesefeatureswill beusefulalsofor modelingand
simulationof PDE-basedmodels.

Thereareseveral low-level PDE solving packages
in which the problem is specifiedas programcode
written in a programminglanguage(e.g. Diffpack,
Overture),aswell ashigh-level packageswherespe-
cial purposelanguagesareusedfor formulationof the
problem(e.g.,gPROMS [10], ELLPACK [12], PDE-
QSOL[6]), andinteractive toolssuchasFEMLAB.

This sectiongivesa brief introductionto PDEsand
numericalsolution methods,and mentionsother ex-
isting packageswith built-in high-level PDElanguage
support.TheMathModelicaenvironmentthat is used
for implementationis alsointroducedin this section.
Section2 containsadiscussionof proposedextensions
to Modelica. In Section3, currentstatusof our work
is given,andin Section4 futureplansarepresented.

1.1 Partial Differential Equations(PDEs)

An initial andboundaryvalueproblemconsistsof a
partial differential equationand a set of initial and
boundaryconditions. A simple two-dimensionalex-
ampleusingthewave equationis

∂2U
∂t2

� ∂2U
∂x2

� ∂2U
∂y2 � �

x � y��� Ω

whereΩ is thedomain,with theboundarycondition

u
�
x � y� t � � 0 � �

x � y��� ∂Ω

where∂Ω is theboundaryof thedomain,andtheinitial
condition

u
�
x � y� 0� � f

�
x � y� � �

x � y��� Ω

The first derivative with respectto the variablex is
compactlywritten as ∂xU , and the secondderivative
as∂xxU , or evenshorterasUx andUxx.

1.2 Numerical Solution of PDEs

With existing theory, only a small numberof PDEs
canbe solved analytically, andeven smallernumber
of theseis solvablewith usefulboundaryconditions.
Therefore,many methodshavebeendevelopedfor so-
lution of numericalapproximationsof PDEs.

1.2.1 Finite DifferenceMethods

In orderto find theunknown functionU satisfyingthe
PDE,thedomainis discretizedusinga grid of points,
searchingthevalueof U at eachgrid point. In a two-
dimensionaldomainwith NxN grid points, the value
of U ateachpoint is

ui � j � U
�
xi � yj � � i � 0 �
	
	
	�� N � 1 � j � 0 �
	
	
	� N � 1

Using Taylor’s theorem,derivatives can be approxi-
matedby differencequotients.The first derivative of



U with respectto x is then,usinga central-difference
formula,

∂xU � ui � 1 � j � ui � 1� j
2∆x

Other approximations can be obtained with the
forward-differenceformula

∂xU � ui � 1� j � ui � j
∆x

andthebackward-differenceformula

∂xU � ui � j � ui � 1 � j
∆x

An explicit solver iteratesover thepoints,calculat-
ing ui � j at eachpoint usingpreviously calculatedval-
ues.An implicit solver, wheniteratingover thepoints,
needsto solveasystemof equationsfor asetof points
in eachiteration, in order to calculatethe valuesof
u. Iteratingsolvershave differentconvergenceprop-
erties,dependingon thespecificPDEandtheselected
differencemethod.

1.2.2 Finite ElementMethods

Oneway of solving a PDE numericallyis to approx-
imatethe unknown U with a sumof basisfunctions,
for examplepiece-wisepolynomialfunctions,with un-
known factors:

Û
�
x� � N

∑
k � 0

akφ
�
x�

A systemof equationsis thensetup with the factors
ak as unknowns. Solving this systemgives the ap-
proximatesolutionÛ . The family of methodsbased
on this methodis called weightedresidualmethods,
anddifferentchoicesof weightingfunctionsgivesdif-
ferent methods,suchas the collocation method, the
least-squaresmethodandtheGalerkinmethod.

Insteadof findinga globalsolution,thedomaincan
bedividedinto smallerdomains,calledelements, with
additionalconditionson the new boundaries,which
can be solved separatelyusing the samemethodsas
in theglobalcase.Thismethodis calledthefiniteele-
mentmethod. Subdivision of thedomaincanbedone
in different ways, e.g. by triangulatingthe domain.
Sizesof the elementscanalsobe adjustedaccording
to expectedvariationsof U in differentpartsof thedo-
main,creatingsmallerelementswherefastvariations
areexpected.Thus,few polynomialswith low order
are often sufficient to approximateU over eachele-
ment.

1.2.3 Method of Lines

Time dependentPDEscanbediscretizedwith respect
to thespacevariables,generatingasetof ODEs,which
can be solved using ODE solvers. This methodis
called the methodof lines. The advantageof this
methodis that thereexists advancedalgorithmsfor
fast and accuratesolution of ODEs, e.g. with auto-
matic stepadjustmentto matcha requestederror tol-
erance.However, a drawbackis that thesesolversdo
nothavecontrolovertheerrorintroducedby theinitial
discretizationthat generatesthe ODEs,which canbe
muchbiggerthantheerrorof thesolutionof ODEs.

1.3 RelatedWork

An earlyeffort to definea languagefor partialdiffer-
entialequationswasPDEL [2] in 1970. Sincethen,a
numberof approacheshave beeninvestigatedto cre-
ate high-level languagebasedenvironmentsto sim-
plify specificationand solution of PDE-basedprob-
lems. In this section,we summarizesomeof these
environments.

1.3.1 ELLPACK

ELLPACK [12] is apackagefor solvingelliptic partial
differentialequations.It definesa high-level language
for specificationof a PDE, a boundary, a grid anda
discretizationmethodaswell asasolutionmethod.In
this language,therearepredefinednamesfor thesolu-
tion variableandits derivatives,suchasU, UX (∂xU),
UYY(∂yyU) andthespatialvariablesX, Y andZ. These
areusedto specifythePDE:

EQUATION. UXX + UYY + 3.0*UX - 4.0*U = &
EXP(X+Y)*SIN(PI*X)

Here’&’ is usedasa line continuationmarker for
longentries.Theboundaryconditionscanbespecified
in differentways,usinglinesandparametriccurves.A
circulardomainis specifiedas:

BOUNDARY.U=0.0 ON X= 1.-COS(PI*THETA), &
Y= 1.-SIN(PI*THETA) &
FOR THETA = 0. TO 2.

Thisboundaryspecifiestheconditionthatthefunc-
tion is zero on the circle with the radius1 and the
center

�
1 � 1� . The BOUNDARYstatementalsodefines

the domain of the problem. The EQUATIONand
BOUNDARYpartsof anELLPACK programis declar-
ative, whereasthe rest (GRID, DISCRETIZATION
etc.),areexecutedin asequentialorder.



Furthermore,the PELLPACK [7] (Parallel ELL-
PACK) problemsolvingenvironmenthasbeendevel-
oped,also basedon ELLPACK, supportingdomain-
decompositionbasedparallel solvers and finite ele-
mentmethods. It includesseveral PDE solving sys-
tems,someof thosewith severalspecificsolvingmeth-
ods. It alsocoversparabolicproblemsbesidesellip-
tic ones,andsomehyperbolicproblems. As a prob-
lem solving environment (PSE), it also has support
for graphicaluserinterfaces,visualizationandanalytic
tools.

1.3.2 PDESpec

S. Weerawarana[14] presentsa high-level language
PDESpecwherethe PDE problemis specifiedusing
objects. Different typesof objectsareequation, do-
main, boundaryand initial conditions, mesh, decom-
position, algorithm, solve and solution. For exam-
ple,anequationobjectdescribingthesteady-stateheat
flow is definedas:

equation (
name = "steady-state heat flow",
domain = "dome",
expressions = [ Dx( k(x,y)*Tx ) +

Dy( k(x,y)*Ty ) = 0 ],
properties = [ [self-adjoint],

[steady-state] ]
);

HereTx represents∂xT andDx(A) is an aliasfor
diff(A, x) which represents∂x

�
A� . Aliases,the

dimensionof the problemandnamesof the indepen-
dentvariablesaredefinedasdefaultsfor equationob-
jects.Thedomain”dome” is definedasaseparateob-
ject,aswell astheboundaryconditionsandtheirequa-
tions.Thedomainobjectis specifiedas:

domain (
name = "dome",
type = piecewise_parametric,
boundary = [

orientation = clockwise,
parametric (x=3, y=.7-t, t, 0, .7),
...

]
);

BesidesPDESpec,a problemsolving environment
with an extensiblearchitecturefor different solvers
andan intelligent PDE solver selectionbasedon ex-
pertsystemmethodologyis presented.

1.3.3 gPROMS

ThegPROMSenvironmentis usedfor dynamicsimu-
lationof chemicalprocesses,andamodelinglanguage
wasdesignedandimplementedby M .Oh [10] in the
gPROMS environment. The languagesupportsmod-
elingandsimulationof mixedsystemsof integral,par-
tial andordinarydifferential,andalgebraicequations
(IPDAEs) over rectangulardomains. In gPROMS, a
domaincanbedeclaredas:

MODELTubularReactor

PARAMETER
NbrComp AS INTEGER
...
ReactorLen AS REAL
ReactorRad AS REAL

DISTRIBUTION_DOMAIN
Axial AS ( 0 : ReactorLen )
Radial AS ( 0 : ReactorRad )

whereAxial and Radial are the independentvari-
ables.A dependentvariablethat is to besolved over
thisdomainis declaredas

VARIABLE
Temp AS DISTRIBUTION (Axial, Radial)

OF Temperature

Here,Tempis the dependentvariableof type Tem-
perature (definedelsewhere),and it’s domain is the
three-dimensionalarea defined by the independent
variablesAxial andRadial. This declarationis simi-
lar to declarationof arraysin thegPROMS language,
which is doneas:

F AS ARRAY ( NbrComp ) OF Flowrate

For-loopsareusedfor specificationof a domainfor
aspecificexpressionor equation:

FOR z:= 0 TO ReactorLen DO
-Kr*PARTIAL(Temp(z,ReactorRad),Radial)=

Uh*(Temp(z,ReactorRad)-TWall(z));
END

Here,a boundaryconditionis definedfor the wall
of the tubular reactor, which has an axial distribu-
tion but not radial. The partial differentiationcan
also be seenhere, which is done with the operator
PARTIAL(expr, var) , that representsthepartial
derivative of the expressionexpr with respectto the
variablevar (i.e. ∂rTemp

�
z� R� ). ThePARTIAL oper-

atorsupportsdifferentiationof entireexpressions,not
only singlevariables.



1.4 MathModelica

MathModelica[9, 8] is a Mathematica-basedtool for
Modelica-basedmodelingandsimulation.Themodels
are definedinteractively in Mathematicanotebooks,
using the Modelica language,either using standard
Modelicasyntaxor usinganexpression-basedsyntax
similar to Mathematica. Mathematicalsymbolsand
expressionscanbeusedin thesemodels,makingmod-
els easierto read. Figure 1 shows the MathModel-
ica input for a pendulummodel. Graphicaldesignof
Modelicamodelsbasedon Modelica library compo-
nentsis alsopossiblein MathModelica.

Model [ Pendulum,
Parameter Realm ��� 1, g ��� 9 	 82, r ��� 1

2;
Realφ [ � Start ��� 0 � ], vt [ � Start ��� 0 � ], at , Ft ;
Equation [

Ft
��� � mgSin � φ � ;

Ft
��� mat ;

vt
��� rφ � ;

at
��� v�t ;

];
]

Figure 1: MathModelica input for a pendulum
model. ��� is the equality operator and � is the
operator for first derivative of a function of one
variable in Mathematica.

The main advantageof using Mathematicaas the
implementationplatformtogetherwith MathModelica
is that it is very easyto addextensionsto the Math-
Modelicalanguage(i.e. Modelicawith MathModelica
syntax)withoutmodifyingtheparserwhichbuilds the
internalsyntaxtree.Theextensionsarepreserveddur-
ing this translation,andadditionalprocessingcanbe
madeafter theMathModelicaparser, in orderto han-
dle the extensionsappropriately. This is convenient
whenexperimentingwith new languagefeatureslike
the PDE extensions. The transformationalprogram-
ming languagethatis availablein Mathematicais also
convenientfor handlingtranslationof datastructures
betweendifferentformats.

2 Modelica Extensions

In orderto introducePDEsupportin Modelica,several
issuesneedto besolved,suchashandlingspatialvari-
ables,domains,and initial andboundaryconditions.
This chapterpresentssomeideasregardingtheseis-
sues.

2.1 Spatial Variables

Variablesin Modelica are functionsof time, if they
are not declaredas constantsor parameters.In or-
derto introducespatialvariableswithoutchangingthe
languagetoo much,we canintroducea typemodifier
space to beusedin declarationsof spatialvariables.
An examplecanlook like this:

space Real x, y, z;

2.2 Domain Classes

Domain classesare neededto specify the domain
whereafunctionisdefinedorwhereanequationholds.
A variablecan be assigneda domainwhen it is de-
clared,whichwill thenalsohave its spatialdependen-
ciesdefined. Several approachescanbe taken to de-
signdomainclasses.

2.2.1 SingleDomain Classes

Eachdomaincan be definedusing a single domain
class.Two new keywordscanbeintroduced,domain
and subdomain , which are languageextensions,
designatinga new kind of restrictedclassanda new
kind of sectionwithin suchclasses.For example,a
rectangulardomainclass

�
x ��� 0 � 2� � y ��� 0 � 4��� canbe

definedas:

domain Rectangular
space Real x(min=0, max=2);
space Real y(min=0, max=4);

end Rectangular;

The attributesmin and max belongto the built-in
type Real . Lower dimensionalsub-domainscanbe
definedin sucha domainobjectby addinga section
subdomain with anequationorabooleanexpression
thatrestrictsthedomain.For example:

domain Rectangular
space Real x(min=0, max=2);
space Real y(min=0, max=4);
subdomain leftright

x=x.min or x=x.max
subdomain updown

y=y.min or y=y.max
end Rectangular;

Complex domainscanalsobedefinedusingexpres-
sionsasmin andmaxvaluesof thedomainvariables.
For example:



domain Circular
parameter Real r;
space Real x(min=-r, max=r);
space Real y(min=-sqrt(r-xˆ2),

max=sqrt(r-xˆ2));
subdomain edge

xˆ2+yˆ2 == rˆ2;
end Circular;

This approachis usedin theprototypedescribedin
Section3.

2.2.2 Composite and Hierarchical Domain
Classes

For domainswith morecomplex shapeslike circle or
polygon,theshapecanbedefinedseparatelyandspec-
ified as a boundaryfor the domain. An exampleof
suchashapeis:

domain Circle
parameter Real radius;
outer space Real x, y;

constraint
xˆ2 + yˆ2 == radiusˆ2;

end Circle;

whichdeclaresacirclewith thecenter
�
0 � 0� andra-

dius1. Thekeyword constraint is a languageex-
tensionandspecifiestheexpressionsthatmustbetrue
for thespatialvariablesto beinsidethis domain.The
reasontheexistingequation keyword is notusedis
that it shouldbepossibleto give booleanexpressions
asconstraints.

Using the shapeCircle above, a circular domain
with aholecanbedefinedas:

domain Ring
inner space Real x, y;
Circle edge1(radius=1);
Circle edge2(radius=3);
constraint

xˆ2 + yˆ2 <= edge2.radiusˆ2;
xˆ2 + yˆ2 >= edge1.radiusˆ2;

end Ring;

Several constraintsseparatedby ’;’ are equivalent
to the sameconstraintscombinedby the and opera-
tor. In the future, built-in operatorsinside() and
outside() might be introduced,in order to spec-
ify a relationshipbetweenthe spatial variablesand
otherdomains.In this example,theconstraintscould
be specifiedusing theseoperatorstogetherwith the
booleanoperatorand :

inside(edge2) and outside(edge1);

In that case,somerestrictionson the referreddo-
mainsmight berequired,i.e. thata domainmustbea
closedcurve or a closedpolygonin orderto be used
with theseoperators.

Thedomainscanalsobebuilt usinginheritanceand
compositeclasses.A completeexamplemight appear
asfollows:

domain Cartesian2D
outer space Real x,y;

end Cartesian2D;

record Point2D
Real x,y;

end Point2D;

domain Circle2D
extends Cartesian2D;
parameter Point2D center(x=0, y=0);
parameter Real radius=1;

constraint
(x-center.x)ˆ2 +
(y-center.y)ˆ2 == radiusˆ2;

end Circle2D;

domain Ring;
inner space Real x, y;
Circle2D c1(center(x=0,y=0),

radius=1);
Circle2D c2(center(x=0,y=0),

radius=2);
constraint

(x-c2.center.x)ˆ2 +
(y-c2.center.y)ˆ2 <= c2.radiusˆ2;
(x-c1.center.x)ˆ2 +
(y-c1.center.y)ˆ2 >= c1.radiusˆ2;

end Ring;

With the inside() and outside() operators,
theconstraintsfor theRingdomainwouldbe

constraint
inside(c2) and outside(c1);

2.3 ComponentDeclarations

Oncedomainsare defined,variablesthat dependon
spatialvariables,called distributed variables,can be
declaredandassigneda domainobject.A modelwith
avariableU definedover thering-shapeddomain(see
Section2.2)canbespecifiedas:

model PDETest
Ring ringdom;
Real U(domain=ringdom);
...

end Test;



The attribute domain is an addition to the exist-
ing typeReal in Modelica1, not to beconfusedwith
thepreviously introduceduseof thekeyworddomain
asa restrictedclass.Modificationof thedomain at-
tribute of the type Real declaresthe definition do-
main of U. This modificationis alsoan implicit way
of declaringU to beaspatiallydependentvariable,be-
sidesbeingtime-dependent.Alternatively, declaringa
variableto bespatiallydependentcanbedoneexplic-
itly using a new keyword, for examplethe keyword
field , or thekeyword dependent :

depdendent Real U(domain=ringdom);

2.4 Domain Specificationfor Equations

Whenspecifyinganequation,i.e. the PDEor oneof
the boundaryconditions,the domainover which the
equationis valid needsto be specified. Oneway to
do this is to usefor-loops. With a syntaxsimilar to
Modelica,thiscanbedoneas:

equation
for (x,y) in ringdom loop

pder(U,x,2) = sin(x)+cos(y);
end for;

Here, a new built-in operatorpder(U,x,i) is
alsointroduced,whichrepresentsthei:th derivative of
U with respectto x. Insteadof usingthe component
ringdomdirectly, onecould refer to the domainof U
usingdotnotation,e.g.U.domain.

The differencebetweenfor-loops in Modelicaand
thefor-loop in theexampleabove is theusageof mul-
tiple variablesasloop indexesanda domainobjectas
arange2. Thescopeof thevariablesx andy is local for
theloop,andthey arealiasesfor thespatialvariablesin
thedomain,with x correspondingto thefirst declared
spacevariablein the domainandy correspondingto
thesecond.

An alternative syntaxfor domainspecificationis

pder(U,x,2) =
sin(x) + cos(y), (x,y) in dom;

which is closerto mathematicalnotation. Both al-
ternatives can be supportedas well, with one being
syntacticsugarfor theother.

Another, somewhat lessconvenientalternative is to
usethe spatialvariablesin a domainobjectdirectly,
usingthemembernotation:

1TheregulartypeRealcanhaveabuilt-in one-dimensionaldo-
main �min� max� asdefault,to beconsistentwith currentModelica.

2Rangesin Modelicaarewrittenas,for example,1:10or1:2:10
whichmean1,2,3,...or 1,3,5,..., respectively.

pder(U,dom.x,2) =
sin(dom.x)+cos(dom.y);

Thiscouldalsoco-exist with theotheralternatives.

2.5 Initial and Boundary Conditions

Initial valuesfor variablesin Modelicaaregiven us-
ing the start attribute of the built-in types. Simi-
larly, initial conditionsfor aPDEproblemcanbegiven
asmodificationof the start attribute of distributed
variables.The examplefrom Section2.3 with initial
conditionsaddedlookslike:

parameter Real f(domain=ringdom);
Real U(domain=ringdom, start=f);

Here,aparameterf is declared,whichcanbegiven
asargumentto thesimulator, or definedin themodel
as:

parameter Real f(domain=ringdom) =
sin(x) + cos(y), (x,y) in ringdom;

The expressionin the right-handsidecanbe given
asavalueto thestart attributeof U directly, aswell.

Boundary conditions can be specifiedusing the
specific sub-domainsof a domain in the equations
defining the boundaryconditions. A new keyword
boundary is usedto separatemodelequationsfrom
boundaryconditions,e.g.:

boundary
for (x,y) in ringdom.c1 loop

U(x,y) = -5;
end for;

Thisdefinesthevalueof U ontheinnercircleof the
ring domain,declaredasc1 in Ring.

3 Curr ent Work

A prototypetranslatorhasbeenimplementedin Math-
ematica,using the MathModelicaenvironment (see
Section 1.4). This translatorsupportsthe kind of
domain classesdescribedin Section 2.2.1, except
that only singleequationsarerecognizedin the sub-
domainsand not booleanexpressions. An example
definingacirculardomaincanbeseenin Figure2.

Domainreferencesin equationsaredoneby directly
putting the domainobjectas an argumentto the de-
pendentvariable. Thus,all dependentvariableshave
two arguments,the domain object which implicitly
definesall spatialarguments,and the time variable.



Domain[ Circular,
Parameter Realr ��� 1;

SpaceRealx[ � min ��� ��� r2 � y2 �
max ��� � r2 � y2 � ];

SpaceRealy[ � min ��� � r � max ��� r � ];
Subdomain[ lef tborder,

Equation [ x ��� x 	 min ];

];

Subdomain[ rightborder,

Equation [ x ��� x 	 max];

];

]

Figure 2: A domain declaration in the prototype
translator, defining a circular domain

For example:

Equation [
∂tU � circdom� time� � ∂xxU � circdom� time� ��� 0;

];

Boundary and initial conditions are put into a
section called Boundary[] as normal equations.
In boundarycondition equations,a sub-domainof a
domainis referredwith dot notationandusedas the
first argument.In initial conditions,thetimeargument
is setto aconstant.For example:

Boundary [
∂tU � circdom	 lef tborder� time� ��� 0;

U � circdom	 lef tborder� time� ��� 2;

U � circdom� 0� ��� Sin � circdom	 x� � Cos� circdom	 y� ;
];

The translatorusesMathModelicafor parsingthe
input,andmodifiestheresultfor theadditionsthatare
doneto the syntaxfor PDE support. Then,the PDE,
boundaryandinitial conditions,andthe geometryof
themodelareextractedandconvertedto aninput for-
mat that is usedby the solver, a PDEsolver [13] im-
plementedin Mathematica.This solver usesthefinite
differencemethodto generatespecialC++codefor the
given problemand the selecteddifferentiationmeth-
ods.

3.1 Example

As anexample,wecandefineaninitial valueproblem
with atwo-dimensionalwaveequationusingacircular
domain.Theequationlookslike

∂ttu � ∂xxu
� ∂yyu � x2 � y2 ! � 1

with theinitial andboundaryconditions

u � 9cone
�
x � y� 0 	 4� sin

�
πx� cos

�
πx� � t � 0

∂tu � 0 � t � 0
u � δ � x2 � y2 � 1
∂xu � 0 � x2 � y2 � 1
∂yu � 0 � x2 � y2 � 1

wherecone
�
x � y� r � is definedas

cone
�
x � y� r � �#" 1 �%$ x2 � y2

r2 � x2 � y2 ! � r
0 otherwise

First, we define a domain object representinga
generalcirculardomainclass:

Domain[ Circle
Parameter Realxc ��� 0;

Parameter Realyc ��� 0;

Parameter Realr ��� 1;

SpaceRealx[ � min ��� xc � � r2 � �
y � yc� 2 �

max ��� xc
� � r2 � �

y � yc� 2 � ];
SpaceRealy[ � min ��� yc � r � max ��� yc

�
r � ];

Subdomain[ lef tborder,

Equation [ x ��� x 	 min ];

];

Subdomain[ rightborder,

Equation [ x ��� x 	 max];

];

];

The default valuesspecify a circular domainwith
thecenter

�
0 � 0� andthe radius1 whenthedomainis

instantiated.Thenwecanspecifythemainmodel:

PDEModel [ TestModel
Parameter Realxc ��� 0;

Parameter Realyc ��� 0;

Parameter Realr ��� 1;

Parameter Realdelta ��� 0;

Circledom[ � xc ��� xc� yc ��� yc� r ��� r � ];
Dependent Realu;



Boundary [

u[dom� 0] ��� uinit[dom	 x � dom	 y];

∂tu[dom� 0] ��� 0;

u[dom	 lef tborder� time] ��� delta;

∂xu[dom	 lef tborder� time] ��� 0;

∂yu[dom	 lef tborder� time] ��� 0;

u[dom	 rightborder� time] ��� delta;

∂xu[dom	 rightborder� time] ��� 0;

∂yu[dom	 rightborder� time] ��� 0;

];

Equation [

∂ttu[dom� time] ���
∂xxu[dom� time]

� ∂yyu[dom� time];

];

];

The keyword PDEModel is usedby the translator
to recognizePDE models. The start valuesof the
dependentvariableu aregivenasa functionuinit[x,y]
definedin theMathematicaenvironmentas:

uinit[x � y ] � 9MyCone[x � y� 0 	 4]Sin[πx]Cos[πy];

MyConegeneratesa conewith thecenter
�
0 � 0� and

a given radius,and is usedto limit the Sin and Cos
functionsto a smallareaof thedomain.A plot of the
initial valueswith radiussetto 0 	 4 canbeseenin Fig-
ure3).
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Figure3: Initial value function uinit with radius �
0 	 4 for the PDE used in TestModel.

Then, the input to the PDE solver mentionedin
Section3 can be generatedusing the function Gen-

erateSolvePDEInput[], which takes as argumentthe
nameof themodelandsomeparametersneededby the
solver, suchas the differentiationmethods,start and
endvaluesfor the time variableandthe spatialvari-
ables,andsizeof theresultarray. In this example,we
usetheintervalsx � � � 1 � 1� , y � � � 1 � 1� , t � �

0 � 0 	 25� ,
a100x100grid and200timesteps.Figure4 showsthe
resultat t � 0 	 0625,0 	 125and0 	 1875.

4 Conclusionand Future Work

The purposeof this paperis to considersomeinitial
extensionsto theModelicalanguagethatareneededin
orderto allow modelingwith partialdifferentialequa-
tions.Thefocusis thedefinitionof thedomainobjects
andhow they areusedtogetherwith equationsandini-
tial andboundaryconditions.

Futurework involvesfurtherimplementationof the
extensionsdiscussedin Section2. Also, anextended
syntaxfor domainswill bedesigned,to allow paramet-
ric specificationof boundaries.Anotherextensionthat
canbeneededis modificationof the function type
in Modelicafor spatiallydistributedvariables.

A powerful featureof Modelicais theconnect()
statement,that allows building modelsusingsmaller
submodels.Extensionof this featurefor PDEmodels
needsto beconsidered,aswell. Possibleapproaches
areusingsolvers that supportdomain-decomposition
techniques,or if different PDE modelsneedto be
connected,techniqueslike the interface relaxation
method[11].

For solving the PDE problems, specificationof
grids, triangulationsor triangulationalgorithmsto be
usedwith finite elementmethodsandsolutionmethod
selection(e.g. selectionof finite differencemethods
for thesolver mentionedin Section3) needsto be in-
cludedin Modelica,or definedin a separatesupport
language.

Furthermore,automaticsolverselectioncanbecon-
sidered,for example by using patternmatchingon
equationsand selectinga solver or methodfrom a
database.An architecturewith severalsolversandthe
possibilityto addnew solverswouldmakeausefulen-
vironment.

Anotherproblemis adaptingthe PDE solvers and
existing DAE solvers that are usedfor the existing
ODE-basedmodels,or finding otherwaysto support
solutionof existingmodelstogetherwith PDEmodels.
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Figure4: Plot of the solution at t � 0 	 0625, t � 0 	 125
and t � 0 	 1875.
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